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In a vector-like gauge theory, conventional wisdom says that, except for the explicitly 
broken Ua{^) symmetry of the flavor axial-vector current of fermions by instantons of 
the gauge fields, the other global flavor chiral symmetries will be spontaneously broken. 
Coleman and Witten |^ have established spontaneously broken chiral symmetry in the 
large N^ limit of Quantum Chromodynamics. Although a great deal of work exists on 
this subject using several approaches, a general rigorous proof of this however is not 
known . As pointed out by Weinberg [^, it can be shown that ^^SU{3) x SU{3) symmetry 
for massless u, d, s quarks must in fact be spontaneously broken in QCD but it is more 
difficult to show on the basis of QCD that the SU{2) x SU{2) symmetry with only u, d 
massless quarks is also spontaneously broken". 

As emphasized by Adler [^], two of the relativistic field theory models which exhibit 
dynamical spontaneous scale invariance breaking are: 1) Johnson-Baker-Wiley model 
of Quantum Electrodynamics in which chiral symmetry is explicitly broken and 2) 
asymptotically free gauge theories (QCD) in which chiral symmetry is spontaneously 
broken. Thus it is the sense that the underlying theory exhibiting spontaneously broken 
scale invariance cannot be manifestly chiral symmetric (Wigner-Weyl mode). However, 
two models do not appear to be a large enough sample for such a generalization although 
the result itself might be suggestive. 

We shall first establish the following result by the method of reductio ad ahsurdum: 
Confinement and Asymptotic freedom imply that scale invariance must be broken spon- 
taneously in Quantum Chromodynamics (QCD) with quarks and gluons. 

Unbroken scale invariance states that 

Qoit) |0 >= 0, (1) 

where 

Qoit) = J d^'x Do{^,t) (2) 

is the dilatation charge defined in terms of D^{'x,t), the dilatation current. This is 
equivalent to 

d^D^ |0 >= 0. (3) 

We may now invoke Coleman's theorem P], which is based on the Federbush-Johnson- 
Jost-Schroer theorem |]^, 0, Rf. This is valid for continuous symmetries and states that 



the invariance of the vacuum is the invariance of the world. Consequently the divergence 
of the dilatation current must vanish identically: 

d^D^ = 0. (4) 

On the other hand, the divergence of the dilatation current is determined by the trace 
anomaly in QCD ||10| : 



a^D, = IMg^^^gt + E^ai + l^{em^^■ (5) 
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The second term vanishes since m., = 0, i = u,d,s in the chiral limit. Consequently, the 
beta function must vanish: 

Pig) = 0. (6) 

We observe that the Callan-Symanzik beta function is gauge independent in the minimal 
subtraction scheme in QCD |ll|]. Now we can ask where the zero of the beta function 
is: either when g = g* ^ or when g = 0. We know that the asymptotically free theory 
of QCD must have ^f = as an ultraviolet stable fixed point. The beta function which 
due to asymptotic freedom is negative at small coupling (provided Np < 16), remains 
negative for all couplings in such a way that the effective coupling constant grows without 
bounds at large distances [i.e., quark confinement) [|T^]. In other words, confinement 
requires that the curve of (3{g) as a function of g remains below the positive g axis, 
decreases as g increases and never turns over [|T^ . This rules out the first possibility. As 
a consequence, the only possible solution is 

^ = (7) 

and the theory is reduced to a triviality. 

We therefore conclude by reductio ad absurdum, that scale invariance must be broken 
spontaneously by the QCD vacuum state: 

Qoit) |0 >^ 0. (8) 

Since QCD is a nontrivial theory with g ^ 0, scale invariance is also explicitly broken by 
the trace anomaly, as in Eq.(5), As a consequence, there is no Goldstone theorem |]16| 



and there is no dilaton. In other words, scale invariance is broken both spontaneously 
by the vacuum state and explicitly by the trace anomaly. 



At this point we shall first establish the vanishing of the commutator of the dilatation 
charge Qoit) and the axial charge Q^(t) at t = 0. 

We shall begin with the fact that Q°'{0), a = 1,2, ■■■,8, the generators of SU{3) 
transformations satisfy the algebra 

[Q"(0), Q^(0)] = z/,,,Q^(0). (9) 

This can be consistent with 

[QD{0),Q''{0)] = -idQQ''{0) (10) 

only if WM the scale dimension of charge is zero: rfg = . This can be explicitly proved 



as follows. 

Consider the double commutator 

[QoiO], [Q^iO], Q\0)]] = tfatAQoiO), Q^m = fabcdgQ^iO). (11) 

Employing Jacobi identity, this reduces to 

- tdQ[Q^iO), Q\0)] + tdQ[Q\0), Q'^m = fatcdgQ'^iO) (12) 

which can be satisfied only if dq = 0. We can now extend this to the axial-charge Q'^ 
by employing the commutators 

[Qm,Qlit)]=^fatcQ%t), (13) 

and 

[QD{0),Qtm = -^dQ,Ql{0), (14) 

where dg^ is the scale dimension of the axial-charge. Evaluating the double commutator 
of the above with (5d(0), we find 

[Qd{0), IQtiO), Qlm]] = ifabclQniO), Q%0)] = dgU^Q^O) = 0. (15) 

If we now employ Jacobi identity, we obtain 

- 2zdQ5[Qt{0), Qlm = 2dQ5fabcQ%0) = 0. (16) 



Again, this can be satisfied only if tlie scale dimension of the axial charge vanishes: 
dQ5 = and hence it follows that [Qd{0),Q'^{0)] = 0. By introducing e*^* on the 
left, e~*^* on the right and 1 = e~*^* e*^* in the middle, we further establish the 
vanishing of the commutator of the dilatation charge and the axial charge for any time: 

[QDit),Qtit)]=0. 

We shall now establish the result that spontaneously broken scale invariance implies 
spontaneously broken chiral symmetry. We shall again employ the method of reductio 
ad ahsurdum. We have already proved that scale invariance is spontaneously broken 
and thus QD(t)|0 >^ 0. This means that the dilatation charge does not annihilate the 
vacuum but instead the operation produces another state: Qd(^)|0 >= \<t>i{t) >, and 
|(/)i(t) >7^ |0 >. The dilatation charge is time dependent and hence does not commute 
with the Hamiltonian. As a result, the states produced by repeated application of the 
dilatation charge operator are neither vacuum states nor necessarily degenerate. Does 
spontaneously broken scale invariance imply spontaneously broken chiral symmetry? Let 
us assume to the contrary that chiral symmetry is unbroken, Q'i^{t)\{] >= 0. Since Q'^{t) 
and Qnit) commute, we therefore obtain 

Qt{t)Qn{t)\0 >= QmiMt) >= QDit)Qt{t)\0 >= 0. (17) 

Hence we conclude that Ql(t)\(f)i(t) >= 0. Next we may consider Qlit)QDit)\(j)i(t) > 
and by the same reasoning obtain the result 

Qtit)QD{t)\Mt) >= QmiMt) >= QDit)Qt{t)\Mt) >= 0. (18) 

Hence we deduce: Q'^{t)\(j)2{t) >= 0. In this manner we find that the axial charge 
annihilates all the states |0i(t) >, \4>2(t) >, |03(t) > and so on, ad infinitum, where 
|0 >7^ |(/)i(t) >7^ |02(i) >7^ |03(i) >• We thus have deduced the result 

Qt{t)\Mt)>=0, n = l,2,3,---. (19) 



Clearly Eq.(|T9D is satisfied only for the Wigner-Weyl mode, i.e., if |0n(t) >= |0 >, 
for all n, up to a unitary transformation U which commutes with 75. However, the 
states \4>n(t) > are neither vacuum eigenstates nor are they necessarily degenerate since 
Qnit) 7^ by virtue of the trace anomaly. As a consequence, any identification of broken 
scale vacuum with chirally symmetric vacuum is wrong and must be rejected. Hence we 
conclude by reductio ad ahsurdum that Q'i^{t)\{) >^ 0: that chiral symmetry must be 
spontaneously broken. 



We may also infer the connection between the states \4>n(t) > and the degenerate 
vacuum states as follows. Since Q'^(t)\0 >^ and QD{t)\0 >^ 0, we derive from 
the commutator property [QdW, Ql{t)\ = that Qg(t)|0i(t) >= QD{t)Qt{t)\0 >= 
QDit)\0' > where |0' > is defined hy Q'^{t)\0 >= |0' >^ |0 >. Hence we determine that 
101 (t) >= {Q^)~^ (t)Q D(t)\0' > is the desired connection between hidden scale symmetry 
and hidden chiral symmetry. We note that the inverse of Q'^{t) exists since Q'^{t)\0 >^ 0. 

Spontaneously broken chiral symmetry is signified by the non-vanishing anti-com- 
mutator in QCD: 

{75,5-i(p)}^0. (20) 

The form of the inverse quark propagator is given by |T5[ in the limit of zero mass u, d, s 
on f] t*ks' 

s-\p) = Mip')-^D{p') (21) 

where S£)(p^) is the dynamical quark mass. This corresponds to the form of the quark 
propagator in the covariant gauge in the presence of gluons in Quantum Chromodynam- 
ics. The function A is really a function of the dimensionless variable p^//U^ where /z is 
the subtraction point. The above arguments are valid also for SU{2) x SU{2) with fahc 
replaced by eabc- 



We can now address the question of Goldstone theorem |T^ in QCD. Following 



Cornwall's analysis |17], we examine Ward-Takahashi identity satisfied by the proper, 
renormalized, color singlet, flavor non-singlet axial- vector current vertex function in 
QCD in the limit of zero mass u, d, s quarks: 



q^Tl,{p,p') = ZAZ:^' 



S'\p'h}-\'' + i,\\''S-\p) 



(22) 



where q = p — p', X'^ is the flavor SU{3) matrix and a = 1, 2, ■ ■ ■ , 8. Since we have 
established that chiral symmetry must be broken spontaneously, signified by 



{l^,S-\p)}^0, (23) 



it follows that 



We therefore have 



1 



lmg^r»5(p,p') = -2ZaZ,'^,-X'^J:d{p') + 0. (24) 



limr^s = ^A'^ |-2Z^Z2-S5S^(p^)^ + ■ ■ j , (25) 



where the omitted terms are regular |]T^ at g = and hence the axial-vector vertex 
function must have a pole at q^ = 0. This establishes Goldstone theorem in QCD. 

In conclusion, we have dealt with the question of chiral symmetric mode in QCD 
and the Nambu- Goldstone realization of chiral symmetry. It is known that the choice 
between these two is no longer free for us. Indeed, "the theory itself should, in principle. 



tell us whether the symmetry or part of it is spontaneously broken or not" [|T^ . This 
is precisely what we have attempted to do in this work by utilizing Coleman's theorem 
and by employing the twin ingredients of asymptotic freedom and confinement in QCD. 



It is interesting to note that Marciano and Pagels ||13| observed that "the deeper 
connection between the trace anomaly and the QCD mass spectrum and confinement, 
if it exists, remains to be understood". We believe we have shed some light on this 
question. 
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